)
Fundamentals of Fracture Mechanics

Evolution from the early work of Griffith (1921)

Fatigue is one of the successful applications of fracture mechanics
Mechanics for the prediction of crack growth

Need to define a crack driving force

Similitude and crack-tip fields

Three modes of loading - Modes I, II and I1I



Linear Elastic Fracture Mechanics

Isotropic homogeneous elastic materials assumed

Elastic properties: E, v, K = 3 —4v (plane strain)
K =(3-v)/(1+ V) (plane stress)

G=E/2(1+V)
Stress and displacement fields w.r.t. crack-tip
G{Xﬁ _ f(l‘, 9, K)
w, = f(r,6,K)

Hence similitude concept

\eading edge
of the crack

s




Mode I Stress and Displacement Fields

Crack-Tip Stress Fields

o, = os—|1—=sin—sin— |+0., +Olr
X (an)l/z ¢ 2 ! 2 2 i x0 ( )
Gy = Klm c:os9 1+sin—e—sin§ +O(rm)
(27r) 21 2 ) 1
Tyy = Klm sin'gcosgcos£+0(rm)
(27r) 2 2

Crack-Tip Displacement Fields (Plane Strain with Higher Order Terms
Omitted) |

6, =V(0,+0,),T,, =1, =0
KI 1/2 9|: . 29
= —|r/(27 cos—|1—-2v+sin“ —
il G[/( )] > 5

V= —-If—}l[r/(ZTc)]l/2 sing—[l —2v —cos? g

0
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Mode II Stress and Displacement Fields

Crack-Tip Stress Fields

K . 0 ) 30
o, = 2 31n-cos~2—cos—-2—~+0(r )

Tyy = —-——-—(2nr)1/2 COS [1 sin Esm 7}+O(r )

Crack-Tip Displacement Fields (Plane Strain with Higher Order Terms
Omitted)

o, =V(0, +0,) T, =Ty, =0

XZ yz
K . 6

1= Eﬂ[r/(Z‘IC)]l/2 sin -2—[2 — 2V +cos? g}
Ky 12 9[ L0

v=—-[1/(2T —{=1+2v- —
G [r/(2m)] cos Vv —sin 2]



Mode III Stress and Displacement Fields

Crack-Tip Stress Fields

Crack-Tip Displacement Fields (Plane Strain with Higher Order Terms
Omitted)

-Ii(_illl——[(Zr)/Jt]lf2 sing

u=v=_90

o=




~ Alternate Expressions Crack-Tip Stress & Displacement Fields

(X - Y Components)
Mode 1
. 6 . 30) ( 0 50)
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2 2 2
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Alternate Expressions For Crack-Tip Stress and Displacement Fields

(r - 6 Components)

1+sitn2-El Sc:osg—cosiQ
K 9‘ 0 2 K; 1 % 329
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()2
Ug G

where B(=

Note: For Mode I, u, = u,uy, = —v (Displacement is in 6/2 direction)
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{G;}= R <—sin%30052-—2 = Kn 1<
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2 2
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L 2 2/
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Relationships Between G and K

« Total energy release rate in general subdivided for each mode

G=GI +GII+GHI
where
Gy = K%/E'
Gy = K%I/E'
1+v
G = K%H/ZG = _E K1211

«  Above relationships apply mainly to straight cracks

« Different relationships needed for anisotropic bodies (Tada, Paris & Irwin,
1985) ‘



Catalogs/Sources of Stress Intensity Factor Solutions
Stress Analysis of Cracks handbook (Tada, Paris & Irwin, 1985)
SURFCANI1 Software (Through-Thickness/Semi-Elliptical Cracks)

Other Handbooks By

-- Sth

--  Murakami

--  Rooke and Cartwright



Typical Specimen Geometries (Cont.)

Penny shaped crack, Near crack edge fields are identical to Mode I plane strain



Energy Release Rate and Load Induced Displacement
Consider Mode I problem with load P per unit thickness
PE = potential energy per unit thickness

A = load point displacement
G = energy release rate per unit thickness

oPE ?F’- :
G - _(—53—)[; ' /J* h
For a prescribed P S
PE=SE-—PA=%PA—-PA=—PA % -

10 P (0A
G==—(PA)lp ==| =—
Zaa( e Z(Ba)p



Compliance Analysis of Loaded Specimen
«  Definition of compliance C = A/P

where C depends only on geometry, E and v

(1) pe
da Jp da

P(dA o
and G=—| — o
Z(Ba)P --0‘-1%/?1-d0
P2 -dPE = Gda
Hence G--=*-—£1E

2 da A



Effects of Machine Compliance

CMm = Machine compliance (testing machine) g- by
Cw in series with specimen ; Cm
Ar =A+CyP =A+(Cy / C)A = total displacement S
A
1 . 1 _._
PE=SE+'%CMP2=EC 1A2+ECB£(AT_A)2 VZ

aPE -1 -1 (aA) 1 _ ch
G=——| =-|CTA-Cy(Ar—-A)| =— ll QY
( da )AT [ M( T )] da A +2 da



Energy Method For Estimating G and K
Double Cantilevér Example

AP, A2
a

Treat each arm of specimen as cantilever beam

A_ P> 4P}
2 3EI Eb’
Hence
Eb32 2
G = 12P 3a
Eb



Typical Specimen Geometries (Cont.)

Line of cracks in tension (also Mode III) Cracks in finite width strips in
ky = o /78] 2 tan (32 r Mode ITI |
Kirr = Tm/ﬁ{% tan [l;-%) ]
SN ——
— L,
P o,
N b

standard ASTM compact tension specimen
Pk = (®/b)/a Ty (a/b)

1 M = moment/thickness

Edge crack in strip in bending

-3/
A [D K. = Mb f (a/b)




Derivation of Near-tip Fields Based on
Mode I Linear Elastic Fatigue Cracks

The equilibrium equations in polar coordinates are:

00 rr 1 Oorg | Or — Y06 _
o trme T =Y | (1)
009 1 Ooge 2009
o trae T 0
where r and 0 are the polar coordinates. y
3'U.f- _ T
€rr = ) vy
or N
1
€06 = o4 %,- DP—-U
T r 00 O'ryT y
1 Ou, Oug uQ] (1) | . 7,
= | - —— - ZIxlz | g
€ré ['r 06 * or r 2/. ’ AQ‘:
[

The condition of strain compatibility :

ot Y7o Troree e TrEoam roa =C (2)



Hooke's law for plane stress (o..=0),

Eerr = Orr — VOyg,
Eegg = 099 — VOrr,

2uerg = Yre = Org,
where L is the shear modulus and, for plane strain (c.: = 0),

2pi€rr = (1 = V)orr — vogg,
2pege = (1 — v)oge ~ vo,,

QHGT'G =0rg.

The equilibrium Eqs. (1) are satisfied when the stress components are
expressed by the Airy stress function ) through

o = 1O 1 0%

T O r2 062’
&%y

Oop = —=

% or?’

Org =

o (1o
or \r 80/



The compatibility condition Eq. (2) when expressed in terms of the Airy

stress function, satisfies the biharmonic equation,

V2 (Vgx) =0,
where
9? 1 0 1 02
2 — e - — — ———
v'8r2+'r6r+r2 62

is the polar Laplacian.

The boundary conditions are:

oes = 0rg =0 for f = L.
A possible form of ), which accounts for singular stresses at the crack
and is single-valued : '

x =rp(r,0) + q(r0),

where p and q are harmonic functions of r and 6 which satisfy the
Laplace equations

V2p =0 and Vig=0



Consider solutions of separable form for the Airy stress function,
vy = R(r)0(0), Based on

p= Alfr)‘ cos N8 + Aor’sin M,
g = Bir™ cos (A +2)8 + Bor®tsin (A +2)0,

which lead to

x =132 [A4) cos A + B cos (A +2)6)
+rP* ) [49sin M0 + Bssin (A +2)6].

Model I fields:

_ X _
900 = 35 =A+2) (A +1) 7 [4, cos N + By cos (A + 2)6]

O"r'(-):-__(?_ (1 6)()
. Or \r 06

= (A+1) r*[AA;sin\§ + (A +2)B; sin (A + 2)4].



Applying the boundary conditions, obtains

(A1 + By) cos At =0,
[AA1 + (A+2)By] sin At = 0.

(i) cos At =0
_2Z+1 B __
A= 9 ! /\+2A1’

where Z is an integer including zero.

(ii) sin At =0

Hence =2
where Z is a positive or negative integer, including zero.

2\
Oi3€i5 ™ T,

o

o=

where ¢ is the strain energy density.



